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( $p>0$ ) $l$ - crystalline cohomology
P- cohomology cohomology Berthelot
rigid cohomology vanishing cycle $0$
P- cohomology 1960 Dwork $\zeta-$ [9]
$P$- 60 Monsky Washnitzer Dwork
affine smooth variety cohomology [18]
cohomology Monsky-Washnitzer cohomology $\zeta-$ [17]
70 Berthelot crystalline cohomology [1] crystalline cohomology proper
smooth $\mathrm{Z}_{P}$ (2 1)
80 Berthelot t de Rham cohomology – [12] Dwork
Monsky-Washnitzer cohomology – rigid cohomology
Tate Raynaud rigid analytic space tube (3 )
$\circ$ rigid cohomology affine smooth Monsky-Washnitzer cohomology proper
smooth crystalline cohomology Poincar\’e
cohomology (5 [21] [17] [11] )
rigid cohomology overconvergent unit-root $F$-isocrystal [22] [23]
Berthelot - coherent D [3]
6 vanishing cycle
$\text{ }\mathrm{O}\mathrm{n}$ vanishing cycles in rigid $\mathrm{c}\mathrm{o}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}\text{ }$
rigid cohomology $\mathrm{R}\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{d}$ cohomology
: $k$ $p>0$ $V$ $k$ $K$ $||$
$K$ $|K^{\cross}|$ ( ) $V$ $M$ $M_{K}=M\otimes_{V}K$
2. Monsky-Washnitzer cohomology.
Monsky Washnitzer cohomology ( formal cohomology
Monsky-Washnitzer cohomology ) [$18|[16|[17][20]$
$X$ $k$ affine smooth $\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{t}\mathrm{y}_{\text{ }}\mathrm{s}_{\mathrm{p}\mathrm{e}\mathrm{c}}A$ $X$ $V$ smooth
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$\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{c}}}A$ [10] $A$ $V$ $V[\underline{x}]arrow A$ $I_{\text{ }}$
$V[\underline{x}]$
\dagger
$=$ $\lambdaarrow 1+1\mathrm{i}_{\mathrm{l}}\mathrm{n}\{\sum a_{\underline{m}^{\underline{X}^{\underline{m}}\in V[[_{\underline{X}}}}]]||a_{\underline{m}}|\lambda^{|\underline{m}|}arrow 0(|\underline{m}|arrow\infty)\}$
$A^{\uparrow}$
$=$ $V[\underline{x}]^{\uparrow}/IV[\underline{x}]^{\uparrow}$
$| \underline{m}|=\sum m_{i}$ $A\dagger$ $A$ $V$ weak completion
$A^{\uparrow}$ noether $A$ $\hat{A}$ V-
$A\subset A^{\uparrow}\subset\hat{A}$
$K$- $d:A_{K}arrow A_{K}\otimes_{A}\Omega_{A/V}^{1}$ $d:A_{K}^{\uparrow}arrow A_{K}^{\uparrow}\otimes_{A}\Omega_{A/V}^{1}$ K-
$0arrow A_{K}^{\uparrow}arrow A_{K^{\otimes_{A}\Omega_{A}}}^{\dagger 1}/Varrow A_{K^{\otimes_{A}\Omega_{A}}}^{\dagger 2}/Varrow\cdots$
( $A_{K}^{1}$ $0$ ) $X$ cohomology $X$ $K$
Monsky-Washnitzer cohomology ( MW-cohomology) $H_{MW}^{l}(X/K)$ $H_{MW}^{l}(x/K)$
$X$
$K$ Frobenius $\sigma$ ( $k$ $p$ ) $X$ Frobenius
$A\dagger$ $H_{MW}^{l}(X/K)$ $\sigma$- Frobenius $X$ $\sigma$
1. $X=\mathrm{A}_{k}^{1}-\{S_{1}, \cdots, S_{r}\}_{\text{ }}\hat{s}_{l}$ $s_{l}$ $V$ $A=- V[x, \prod_{l}\frac{1}{x-\hat{s}_{l}}]$







Frobenius $H^{0}$ 1 $H^{1}$ $P$ $K$ $X$ crystalline
cohomology $H_{c\gamma sy}^{l}(x/V)$ $A\dagger$ $P$- $\hat{A}$ cohomology $H_{crys}^{1}(x/V)\otimes_{V}K$
$K$
Monsky Washnitzer cohomology cohomology
$H_{N}^{\iota_{Iw(\cross \mathrm{A}_{k}^{1}}}Xk/K$ ) $\cong HlMw(X/K)$




Monsky-Washnitzer cohomology $k$ scheme
$V$
Berthelot Tate Raynaud formal
schelne rigid analytic space Berthelot
tube strict neighborhood [4]
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$P$ $V$ formal schelne $P\mathit{0}$ special $\mathrm{f}\mathrm{i}\mathrm{b}\mathrm{e}\mathrm{r}_{\text{ }}p_{\mathrm{r}\mathrm{i}\mathrm{g}}$ $P$ Raynaud’s
generic fiber $[$ 14, Chap. 2, Sect. $3]_{\text{ }}\mathrm{s}\mathrm{p}:P_{\mathrm{r}}\mathrm{i}\mathrm{g}arrow P$ specialzation ( $[14, 17]$
)
$X$ $P0$ $k$ scheme $\Gamma(P, O_{\mathcal{P}})$ $f_{i},$ $\cdots,$ $f_{r’ \mathit{9}}1,$ $\cdots,$ $g_{S}$ $Z=( \bigcap_{i}V(fi))\mathrm{n}(\bigcup_{j}D(g_{j}))$
$]X[_{\mathrm{p}=}sp(-1x)=\{x\in \mathrm{p}_{\mathrm{r}}\mathrm{i}\mathrm{g}||f_{i}(x)|<1(\forall i), |g_{j}(X)|=1(\exists j)\}$
$P_{\mathrm{r}\mathrm{i}\mathrm{g}}$
$X$ $P$ tube $0<\lambda\leqq 1,$ $\lambda\in|K^{\cross}|\otimes \mathrm{Q}$
$]X[_{P}\lambda=\{X\in]X[_{\mathrm{p}}||f_{i}(x)|<\lambda(\forall i)\}$
$X$ $\eta$ tube ] $X[_{P}1=]X$ [ $\mathrm{p}$ $\lambdaarrow 1^{-}$ ] $X$ [ ] $X[\mathrm{p}$ admissible
covering [14, Chap. 3, Sect. 1]
$Y$ $P0$ $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}\text{ }X$ $Y$ $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}\text{ }j$ : $Xarrow Y$ $Z=Y-X$
1. ] $Y$ [ $p$ $V$ ] $X$ [ $\mathrm{p}$ strict neighborhood ] $X$ [ $V$ $\{V,$ ] $Z$ [ $\}$ ] $Y[\mathrm{p}$
admissible covering $\circ$
$Y=\mathcal{P}0$ $0<\lambda<1,$ $\lambda\in|K^{\cross}|\otimes \mathrm{Q}$
$U_{\lambda}=]Y[_{P}-]Z[_{P\lambda}$
$\{U_{\lambda}\}_{\lambda<1}$ ] $X[\mathrm{p}$ strict neighborhood $\circ$
$]Y[p$ $Z$
$j \dagger o_{][p}Y=\lim_{V}\alpha_{V*}\mathit{0}_{V}$
] $X$ [ $\mathrm{p}$ ] $Y[_{\mathcal{P}}$ strict neighborhood $V$ $cxv$ :
$Varrow]Y[\mathrm{p}$ $\mathit{0}_{v}$ rigid analytic space $V$ $\circ$
2. $X$ $k$ affine smooth $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}_{\text{ }}\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{c}}}A$ $X$ $V$ smooth
$\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{A}arrow \mathrm{A}_{V}^{n}$ $-$ $\mathrm{P}_{V}^{n}$ $\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{c}}}$ A Zariski closure completion




Berthelot rigid cohomology [2] [4] [5]
$X$ $k$ separated scheme $k$ $X$ compact $j$ : $Xarrow\overline{X}$
$\mathcal{P}$ $V$ formal scheme $k$ $\overline{X}arrow \mathcal{P}_{0}$ $’\rhoarrow \mathrm{S}\mathrm{p}\mathrm{f}V$
$X$ formally smooth
$K$ ] $\overline{X}$ [ smooth [14, Chap. 3, Sect. 2] ] $X[\mathrm{p}$ strict neighborhood
de Rham
$0arrow j^{\dagger}O_{]\overline{X}[\mathcal{P}}arrow j^{\uparrow}O_{]\overline{x}}[p\otimes_{\mathit{0}_{\mathrm{l}\overline{X}}}(_{P}\Omega_{\mathrm{J}^{\overline{X}}[_{\mathcal{P}/K}}^{1}arrow j^{\uparrow \mathit{0}_{]\overline{X}[}}P\otimes \mathit{0}_{\mathrm{l}\overline{X}\mathrm{I}_{p}}\Omega_{]\overline{x}[_{\mathcal{P}/K}}^{2}arrow\cdots$
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$j^{\uparrow}O_{]\overline{X}[p}$
$0$ hyper cohomology $X$ compact
formal scheme $\overline{X}$ 2 formal scheme $P_{\text{ }}.P’$
$X$ formally smooth $u:P”arrow P$
$\langle$ analytic space ] $X[p$ ’ strict neighborhood $W\cross D(\mathrm{o}, 1^{-})^{r}arrow W$
$W$ ] $X[p$ strict neighborhood admissible open $D(\mathrm{O},$ $1^{-)}$
$j^{\uparrow \mathit{0}_{]\overline{X}[p}\otimes}o\mathrm{l}\overline{X}\mathrm{I}\mathcal{P}\Omega_{]\overline{X}[\mathcal{P}/K}^{\cdot}arrow \mathrm{R}u\mathrm{i}\mathrm{g}*(\mathrm{r}(j’)\dagger_{O]\overline{X}}[_{P}’\otimes_{\mathit{0}_{\mathrm{l}\overline{X}(\prime}}\mathrm{p}\Omega_{]\overline{X}[_{p’}}^{\cdot})/K$
compact [5]
$i^{\dagger}O_{]}\overline{X}[p\otimes \mathit{0}_{\mathrm{l}\overline{X}\mathrm{l}_{\mathrm{p}}}\Omega_{]\overline{X}[_{P/K}}$ hyper cohomology $X$ $K$ rigid cohomology $\text{ }$
$H_{rig}^{l}(X/K)$ $X$
$Z$ $X$ $k$ $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}_{\text{ }}ju$ : $U=X-Zarrow\overline{X}$ $\overline{Z}$ $Z$ $\overline{X}$
Zariski closure $\circ Z$ support section
$\Gamma_{]\overline{Z}[}^{\uparrow(}j\uparrow O]\overline{X}[p)=\mathrm{k}\mathrm{e}\mathrm{r}(j^{\uparrow \mathit{0}}]\overline{X}[parrow j_{U]\overline{x}[_{\mathcal{P}}}^{\dagger \mathit{0})}$
$Z$ support rigid cohomology
$H_{Z,ri_{\mathit{9}}}l(x/K)=\mathrm{H}\iota_{(]\overline{X}[_{\mathrm{p}}},$ $\Gamma\dagger(j\uparrow]\overline{Z}[]O\overline{X}[_{P}\otimes_{\mathit{0}_{\mathrm{l}\overline{X}\iota \mathrm{p}}}\Omega_{]\overline{X}[_{P}}^{\cdot}))/K$
$H_{Z,ri_{\mathit{9}}}^{l}(X/K)$ $X$ compact formal schelne $X$ $Z$
support $X$ $Z$ $H_{X,ri}^{l}(gX/K)=H_{rig}^{l}(X/K)$
$H_{\emptyset,rig}^{l}(X/K)=0$
$K$ Frobenius $\sigma$ $X$ Frobenius $P$
$H_{z_{r}i_{\mathit{9}}}^{l},(X/K)$ $\sigma$- Frobenius $X_{\text{ }}Z$ $\sigma$
rigid cohomology
(i) $K’$ $K$ $k’$ $K’$ $X’=x\cross_{\mathrm{s}_{\mathrm{P}}\mathrm{C}k}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{e}k^{J}\mathrm{C}\text{ }Z’$ $Z$ $X’$
$H_{z}^{l\prime}(X/K)\cong H_{z}^{\downarrow},(riX/K)\otimes_{K}K’$
( )
(ii) $T$ $Z$ $X$ $k$ scheme
. . . $arrow H_{T,ri}^{l}(gx/K)arrow H_{Z,ri}^{l}(gx/K)arrow H_{Z-T,rig}^{l}((x-^{\tau)}/K)arrow\cdots$
(iii) $X$ $k$ affine smooth variety 2
$H^{l}(rigX/K)\cong HlMw(X/K)$
2 ] $X[\mathrm{p}$ affinoid space strict neighborhood
$H\iota(]\overline{X}[p,j\uparrow \mathit{0}]\overline{X}[\otimes\Omega^{*})]\overline{X}[]\overline{X}[/K=0$
(iv) $X$ $k$ proper smooth variety $W(k)$ $k$- Witt vector
$H_{ri_{\mathit{9}}}\iota(x/K)\cong H_{Cr}\iota ys(X/W(k))\otimes_{W(k)}K$
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$K$ Frobenius (i) -(iv) Frobenius $0$
$\iota:]\overline{X}-x[parrow]\overline{x}$ [ ] $X$ [ support section
$\mathrm{r}_{]X[}(j^{\dagger}o_{]\overline{X}[P})=\mathrm{k}\mathrm{e}\mathrm{r}(o_{][_{\mathcal{P}}}\overline{x}arrow\iota_{*}O_{]\overline{\lrcorner \mathrm{Y}}X[}-\mathcal{P})$
compact support rigid cohomology
$H_{C}^{\iota},(ri_{\mathit{9}}/xK)=\mathrm{H}l(]\overline{x}[\mathrm{p}, \mathrm{r}_{][}X(j\uparrow \mathit{0}_{]}\overline{X}[\mathcal{P}^{\otimes_{\mathit{0}}}\mathrm{l}\overline{x}\mathrm{f}\mathcal{P}\Omega_{]\overline{X}[p/}^{\cdot})K)$
$H_{c,\text{ }i_{\mathit{9}}}^{l}(X/K)$ $X$ compact formal scheme $X$
$X$ $X=\overline{X}$ $H_{C,\text{ }^{}l}(ig/XK)=H_{\text{ }^{}\iota}gi(x/K)$
$K$ Frobenius $\sigma$ $H_{C,ri}^{l}g(x/K)$ $\sigma$- Frobenius
$\circ$ compact support rigid cohomology (i) (ii) $\circ$
1. [19] $k$ separated scheme $X$ compact $V$ formal
scheme $X$ compact
formal scheme \v{C}ech compact
formal scheme hyper cohomology rigid cohomology
2. Berthelot $P$- overconvergent $(F)$-isocrystal
rigid cohomology [4] overconvergent $(F)$-isocrystal l4 smooth sheaf
rigid cohomology (i) -(iv)
5. Finiteness theorem.
rigid cohomology Poincar\’e cohomology
Berthelot 80 rigid cohomology
10 de Jong alteration [13] –
[5] [6] ( $k$ [15] )
– ( 5 )
1. ([5], [6]) $X$ $k$ separated $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}\text{ }Z$ $X$ $k$ scheme
(1) $X$ $k$ smooth support rigid cohomology $H_{z_{r}i_{\mathit{9}}}^{l},(X/K)$ $K$
(2) compact support rigid cohomology $H_{C,\text{ }^{}l}ig(X/K)$ $K$
(3) (Poincar\’e ) $X$ $k$ $n$ trace $\mathrm{T}\mathrm{r}_{X}$ : $H_{C}^{2n},(\text{ }igx/K)arrow K$
$X$ $k$ smooth canonical pairing
$H_{Z,rig}^{l}(x/K)\otimes_{K}H_{c,\text{ }^{}2l}n-(igz/K)arrow H_{c,ri}^{2n}(\mathit{9}x/K)\mathrm{T}\mathrm{r}_{c_{K}}s$
(1) Berthelot
$(\mathrm{a})_{d}$ : $\dim X\leqq d$ $H_{rig}^{l}(X/K)$ $K$
$(\mathrm{b})_{d}$ : diln $Z\leqq d$ $H_{Z,\text{ }i}^{l}(gx/K)$ $K$
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$(\mathrm{a})_{0}$ $(\mathrm{a})_{d}\Rightarrow(\mathrm{b})_{d}$ support rigid cohomology
Gysin
2. $([5|, [6])X$ $k$ slnooth separated $\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}\text{ }Z$ $X$ $k$ $e$ smooth
scheme canonical
$H_{z_{\text{ }}ig}l,(x/K)\cong Hl-2e(rigZ/K)(-e)$
Gysin $(-e)$ $-e$ Tate twist Frobenius
$p^{e}$
Gysin $X$ affine global $Z$
2
Poincar\’e $(\mathrm{b})_{d}\Rightarrow(\mathrm{a})_{d+1}$ de Jong alteration crystalline
cohomology [1]
(2) (1)
(3) (2) $X$ $H_{C,\text{ }^{}2n_{i_{\mathit{9}}}}(x/K)\cong K(-n)$ trace
pairing de Rham $i^{\uparrow O}$ ] $\overline{X}[\mathcal{P}\otimes \mathit{0}_{\mathrm{l}\overline{x}\mathrm{l}_{P}}\Omega_{]\overline{X}[_{P}/K}$ pairing
(1) 2
3. Monsky affine smooth variety Monsky-Washnitzer cohomology
Gysin [16]
4. Chiarellotto $Z$ $e$ $H_{Z,\text{ }i}^{l}(\mathit{9}X/K)$ Frobenius weight l
$[l-2e, \iota]$ [7]
5. [23] overconvergent isocrystal rigid cohomology Gysin
rigid cohomology Poincar\’e
overconvergent unit-root $F$-isocrystal $\circ[22][23]$ -
rigid cohomology
6. Crew overconvergent isocrystal
rigid cohomology Poincar\’e crystalline cohomology
[8]
6. Vanishing cycles.
$R=k[[t]]_{\text{ }}T=V[[t]]$ $k$- $V$- $\eta_{\text{ }}s$ $\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{c}}}R$
generic $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\text{ }$ special point $V_{\eta}\text{ }V[[t]][t^{-1}]$ $K_{\eta}$ $V_{\eta}$ $0$
$K_{\eta}$ $k((t))$ $V$
Vanishing cycle $\mathrm{s}_{\mathrm{p}\mathrm{e}\mathrm{C}}R$ family generic fiber special fiber cohomology
2 cohomology
( – )
$X=\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{C}R[x, y]/(xy-t)_{\text{ }}X_{\eta\text{ }}X_{s}$ $X$ generic $\mathrm{f}\mathrm{i}\mathrm{b}\mathrm{e}\mathrm{r}_{\text{ }}$ special fiber $\circ R[x, y]/(xy-t)$
$T$ $A=T[x, y]/(xy-t)$ – $B=A/tA$ $A^{\uparrow}$ $A$ $T$ weak
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completion $B$ $V$ weak completion $B\dagger=A^{\uparrow}/tA\dagger$
$\Omega_{A/\tau}^{1},log=(A\frac{dx}{x}+A\frac{dy}{y})/A\frac{dt}{t}$
$( \frac{dt}{t}=\frac{dx}{x}+\underline{d}\mathrm{g}y)$ $X$ $T_{K}$ $\log$ Monsky-Washnitzer cohomology
$H_{l- MW}^{l}og(x/T_{K})=H^{l}(A_{K}^{\dagger}arrow A_{K}^{\uparrow}\otimes_{A}\Omega_{A/\tau,l}^{1})og$
$H_{log^{- wI}W}^{l}$ (X/T $T_{K}$ 1 $(l=0,1)_{\text{ }}0(l\neq 0,1)$
$H_{Mw}^{l}(x_{\eta}/K_{\eta})\cong H^{\downarrow X}-W(logM/\tau_{K})\otimes_{T_{K}}K_{\eta}$




$X_{s}$ $K$ rigid cohomology 2
$V[x]_{K}^{\uparrow}\oplus V[y]_{K}^{\dagger}$ $arrow$ $K$ $(a, b)\mapsto a(\mathrm{m}\mathrm{o}\mathrm{d} X)-b(\mathrm{m}\mathrm{o}\mathrm{d} y)$
$\downarrow$
$V[x]_{K}^{\dagger}dx\oplus V[y]_{K}\dagger dy$
cohomology $H_{\text{ }i_{\mathit{9}}}^{l}$ ( $x$ $/K$ ) $0$ $K$ $V[x]_{K}^{\dagger}\oplus V[y]_{K}^{\uparrow}arrow$
$A_{K}^{\uparrow}$
$H_{rig}^{l}(X_{S}/K)arrow H_{lMW}^{l}-(\circ gx_{S}/K)$
$l\neq 1$ $l=1$ cokernel $K(-1)$
$K(-1)$ Frobenius $P$
proper semi-stable $R$ 1 family $X$ $T$ . etale local
$A$ $T$ $\log$-rigid cohomology $\log$
Monsky-Washnitzer cohomology ( $\log$-rigid cohomology
) $H_{li}^{l}og-\Gamma g(X/\tau_{K})$ $T_{K}$
base change Frobenius (Gauss-Manin
$t \frac{d}{dt}$ ) $H_{\text{ }ig}^{0}$ ( $x$ $/K$ ) $=H_{lo}^{0}(g^{-r}igX_{S}/K)_{\text{ } }f$
$0$ $arrow$ $H_{rig}^{1}(X_{s}/K)$ $arrow$ $H_{log^{-_{ri}}g}^{1}(X_{s}/K)$ $arrow$ $\oplus$ $K(-1)$
$\mathrm{d}_{0\prime}1\mathrm{b}:\mathrm{e}$ poillts in $X_{\theta}$
$arrow$ $H_{rig}^{2}(X_{S}/K)$ $arrow$ $H_{l_{\mathit{0}}ig}^{2}(g- \text{ }X_{S}/K)$ $arrow$ $0$
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